We seek critical points of the Hessian energy functional E (u) = | u| 2 dx, where = R 4 or is the unit disk B in R 4 and u : → S 4 . We show that E R 4 has a critical point which is not homotopic to the constant map. Moreover, we prove that, for certain prescribed boundary data on ∂B, E B achieves its infimum in at least two distinct homotopy classes of maps from B into S 4 .
Introduction
Let ⊂ R 4 be a smooth domain, S 4 the unit sphere in R 5 and consider The simplest examples of biharmonic maps R 4 → S 4 are the constant maps. Our first aim here is to show the existence of biharmonic maps u : R 4 → S 4 having a non-trivial topological degree. As in [4] we introduce
) is the Jacobian determinant in 4 dimensions. When = R 4 , we observe that, due to Corollary 3.2,
we then consider the non-empty homotopy class
The existence of non-constant biharmonic maps R 4 → S 4 now follows from Theorem 1.1 For k ∈ {−1, 1}, there exists a smooth map u ∈ k such that
By symmetry of the Jacobian determinant and of the Hessian energy, it is sufficient to prove Theorem 1.1 in the case k = 1. Moreover, we have
Our second problem focuses on the existence of non-minimizing biharmonic maps from the unit ball B ⊂ R 4 into S 4 . We consider γ ∈ W 2,2 (B, S 4 ) and define
0 }. As γ is a complete metric space and E B is weakly lower semi-continuous with respect to the D 2,2 -topology, there exists some u ∈ γ such that E B (u) = inf For k ∈ Z, define the homotopy class It is not hard to see that k γ is non-empty for any k.
